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Summary: Vector operations so far 

c v  =  parallel to v, scaled by c 

      a + b  =  vector sum / resultant force 

 

12.3 Dot Products (new) 

If  a = ⟨ a₁, a₂, a₃ ⟩  and  b = ⟨ b₁, b₂, b₃⟩, 

define 

a · b = a₁b₁ + a₂b₂ + a₃b₃ 

 

The dot product gives a number (scalar). 

Entry Task  (HW #2–4) 

A. a = ⟨ 3, 1, 2⟩       b = −i + 6j + 5k 

Compute a · b. 

 

 

B.  For three vectors a, b and c, what type 

of object would each of the following give?      

           One is a “trick” question. 

 

•  (a · b)c 

•  (a · b) · c 

•  a · (b + c) 

https://youtu.be/r3zOsArcnQU?si=wc2l_kJuTafEYOYo
https://sites.math.washington.edu/~aloveles/Math126Materials/sp14m126review12-3.pdf
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Basic Fact List  (HW #1–4) 

Manipulation facts (like multiplication): 

a · b = b · a 

a · (b + c) = a · b + a · c 

(c a) · b = c(a · b) = a · (c b) 

a · 0 = 0 

Helpful side fact:   

a · a = |a|²   

Discussion:  

How would you prove these facts?

https://youtu.be/r3zOsArcnQU?si=wc2l_kJuTafEYOYo
https://sites.math.washington.edu/~aloveles/Math126Materials/sp14m126review12-3.pdf
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The Most Important Fact (HW 5–8) 

a · b = |a||b| cos(θ) 

θ is the angle between the vectors when 

they are drawn TAIL-TO-TAIL. 

Solving for the angle: 𝜃 =  cos−1 (
𝒂·𝒃

|𝒂||𝒃|
)  

 

 

 

 

 

 

 

 

 

 

 

Why is the formula true? 

Fact 1: The law of cosines gives: 

|a − b|² = |a|² + |b|² − 2|a||b|cos(θ) 

 

Fact 2: The dot product rules give: 

|a − b|² = (a − b)·(a − b)  

                  = a·a − 2a·b + b·b 

                      = |a|² − 2a·b + |b|². 

 

Put these two facts together and simplify! 

 

 

 

 

 

 

 

https://youtu.be/PrG2GgqKPjM?si=-XcLaF7xi3UV6J9R
https://youtu.be/YMqkasRYaoU
https://sites.math.washington.edu/~aloveles/Math126Materials/sp14m126review12-3.pdf
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Something to think about 

• a · b > 0  ⇒  what kind of angle? 

 

• a · b < 0  ⇒  what kind of angle? 

 

• a · b = 0  ⇒  what kind of angle? 

 

Most important consequence: 

a ⟂ b   ⇔   a · b = 0 

 

 

 

 

 

 

 

 

Orthogonal, Parallel, or Neither?  (HW #8–9) 

Orthogonal: a · b = 0 

Parallel:  a = c b   for some scalar c 

Otherwise: neither. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

https://youtu.be/PrG2GgqKPjM?si=-XcLaF7xi3UV6J9R
https://youtu.be/YMqkasRYaoU
https://sites.math.washington.edu/~aloveles/Math126Materials/sp14m126review12-3.pdf
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Angles of Intersection (HW 10 and 11) 

Convert each slope into a direction vector, 

then use the dot product.   

Example: Angle between lines. 

Find the acute angle of intersection of  

𝑦 =
3

4
𝑥 + 4 and 𝑦 = −

1

2
𝑥 + 10 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Example: Angle between other curves. 

Find the angle of intersection of  

𝑦 = 𝑥2 and 𝑦 = 2𝑥 + 3 at the point (3,9) 

 

 

 

 

 

 

 

 

https://youtu.be/PrG2GgqKPjM?si=-XcLaF7xi3UV6J9R
https://youtu.be/YMqkasRYaoU
https://sites.math.washington.edu/~aloveles/Math126Materials/sp14m126review12-3.pdf
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Scalar / Component Projection 

compᵤ(v) = 
𝒖 · 𝒗

|𝒖|
 

A NUMBER, the signed length along u. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Vector Projection 

projᵤ(v) = 
𝒖 · 𝒗

|𝒖|
(

1

|𝒖|
𝒖) 

Scaled VECTOR in direction of u with the 

length of the projection 

 

 

 

https://youtu.be/PrG2GgqKPjM?si=-XcLaF7xi3UV6J9R
https://youtu.be/YMqkasRYaoU
https://sites.math.washington.edu/~aloveles/Math126Materials/sp14m126review12-3.pdf
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Projections (HW #12–13) 

 

Visual Examples 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Discussion:  

Can anyone think of applications of this idea? 

 

 

https://youtu.be/PrG2GgqKPjM?si=-XcLaF7xi3UV6J9R
https://youtu.be/YMqkasRYaoU
https://sites.math.washington.edu/~aloveles/Math126Materials/sp14m126review12-3.pdf
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Summary: 

 

 

a · b = a₁b₁ + a₂b₂ + a₃b₃ 

 

 

a · b = |a||b| cos(θ) 

a ⟂ b   ⇔   a · b = 0 

 

 

compᵤ(v) = 
𝒖 · 𝒗

|𝒖|
 

projᵤ(v) = 
𝒖 · 𝒗

|𝒖|
(

1

|𝒖|
𝒖) 

 

 

 

 

https://youtu.be/PrG2GgqKPjM?si=-XcLaF7xi3UV6J9R
https://youtu.be/YMqkasRYaoU
https://sites.math.washington.edu/~aloveles/Math126Materials/sp14m126review12-3.pdf


  𝜃   =      cos  − 1 ⁡   (   𝒂 · 𝒃   | 𝒂 |  | 𝒃 | )  


  y =  3 4 x + 4


  y = −  1 2 x + 10


  y =   x 2


  y = 2 x + 3


    𝒖   ·   𝒗  | 𝒖 |


    𝒖   ·   𝒗   | 𝒖 |  (  1   | 𝒖 | 𝒖 )


    𝒖   ·   𝒗  | 𝒖 |


    𝒖   ·   𝒗   | 𝒖 |  (  1   | 𝒖 | 𝒖 )

